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Abstract. The pi0, η, and η′ transition form factors in the space-like region are analyzed
at low and intermediate energies in a model-independent way through the use of rational
approximants. Slope and curvature parameters as well as their values at infinity are ex-
tracted from experimental data. These results are suited for constraining hadronic models
such as the ones used for the hadronic light-by-light scattering piece of the anomalous
magnetic moment of the muon, and for the mixing parameters of the η − η′ system.
1 Introduction
The pseudoscalar transition form factor (TFF) γ∗γ∗ − P, where P = pi0, η, η′ · · · , have acquired a lot
of attention recently, both from the experimental and theoretical sides, since the release of the BABAR
data on the pi0-TFF in 2009 [1]. The TFF describes the effect of the strong interaction on the γ∗γ∗ − P
transition and is represented by a function FPγ∗γ∗ (q21, q
2
2) of the photon virtualities q
2
1, and q
2
2.
From the experimental point of view, one can study the TFF from both space-like and time-like
energy regimes. The time-like TFF can be accessed from a single Dalitz decay P → l+l−γ process
which contains an off-shell photon with the momentum transfer q21 and defines a FPγ∗γ(q
2
1, 0) covering
the 4m2l < q
2 < m2P region. The space-like TFF can be accessed in e
+e− colliders by the two-photon-
fusion reaction e+e− → e+e−P. The common practice is to extract the TFF when one of the outgoing
leptons is tagged and the other is not, that is, the single-tag method. The tagged lepton emits a highly
off-shell photon with the momentum transfer q21 ≡ −Q2 and is detected, while the other, untagged, is
scattered at a small angle and its momentum transfer q22 is near zero, i.e., FPγ∗γ(Q
2) ≡ FPγ∗γ∗ (−Q2, 0).
Theoretically, the limits Q2 = 0 and Q2 → ∞ are well known in terms of the axial anomaly in the
chiral limit of QCD [2] and pQCD [3], respectively. The TFF is then calculated as a convolution of
a perturbative hard-scattering amplitude and a gauge-invariant meson distribution amplitude (DA) [4]
which incorporates the nonperturbative dynamics of the QCD bound-state [3]. Some model needs to
be used either for the DA or the TFF itself [3]. The discrepancy among different approaches reflects
the model-dependency of that procedure. A different procedure might be, then, desirable.
2 Transition form factors from rational approximants
We propose [5, 6] to use a sequence of rational approximants PNM =
PN
PM called Padé approximants
(PA) [7] constructed from the Taylor expansion of the FPγ∗γ(Q2) to fit the space-like data [1, 8–10]
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Figure 1. pi0 (left upper panel), η (right upper panel), and η′ (lower panel) TFFs. Green-dot-dashed lines show
our best PL1 (Q
2) fit, and black-solid lines show our best PNN(Q
2) fit. Black-dashed lines display the extrapolation of
the PNN(Q
2) at Q2 = 0 and Q2 → ∞. Experimental data are from CELLO (red circles), CLEO (purple triangles),
and BABAR (orange squares) Colls. [8]. The pi0 figure contains also data from BELLE (blue diamonds) [9]; and
the η′ figure data from L3 (blue diamonds) [10].
Table 1. pi0, η, and η′ slope bP, curvature cP, asymptotic limit, and contribution to HLBL.
bP cP limQ2→∞ Q2FPγ∗γ(Q2) a
HLBL;P
µ
pi0 0.0324(22) 1.06(27) · 10−3 2 fpi 6.49(56) · 10−10
η 0.60(7) 0.37(12) 0.160(24)GeV 1.25(15) · 10−10
η′ 1.30(17) 1.72(58) 0.255(4)GeV 1.27(19) · 10−10
and obtain, in such a way, the derivatives of the FPγ∗γ(Q2) at the origin of energies in a simple,
systematic and model-independent way [5, 6].
Since the analytic properties of TFFs are not known, the kind of PA sequence to be used is not
determine in advance. We consider two different sequences and the comparison among them should
reassess our results. The first one is a PL1 (Q
2) sequence inspired by the success of the simple vector
meson dominance ansatz [5], and the second one is a PNN(Q
2) sequence which satisfy the pQCD
constrains Q2FPγγ∗ (Q2) ∼ constant. After combining both sequence’s results, slope and curvature
results are shown in Table 1, where limQ2→∞ Q2FPγ∗γ(Q2) from the PNN(Q
2) is also shown.
The low-energy parameters obtain with this method can be used to constrain hadronic models with
resonances used to account for the hadronic light-by-light scattering contribution part (HLBL) of the
MENU 2013
anomalous magnetic moment of the muon [11], rare pseudoscalar decays and continuum cross section
determinations in the charmonium region [12].
3 Applications of the transition form factors
3.1 Hadronic light-by-light scattering contribution to the muon (g − 2)
The HLBL cannot be directly related to any measurable cross section and requires the knowledge of
QCD contributions at all energy scales. Since this is not known yet, one needs to rely on hadronic
models to compute it. Such models introduce some systematic errors which are difficult to quantify.
The large-Nc limit of QCD [13] provides a very useful framework to approach this problem but has,
however, a shortcoming. Calculations carried out in the large-Nc limit demand an infinite set of res-
onances. As such sum is not known in practice, one ends up truncating the spectral function in a
resonance saturation scheme, the so-called Minimal Hadronic Approximation [14]. The resonance
masses used in each calculation are then taken as the physical ones from PDG [15] instead of the cor-
responding (but unknown) masses in the large-Nc limit. Both problems might lead to large systematic
errors not included so far [5, 16, 17].
It was pointed out in Ref. [16] that, in the large-Nc framework, the Minimal Hadronic Approxi-
mation can be understood from the mathematical theory of Padé Approximants (PA) to meromorphic
functions. Obeying the rules from this mathematical framework, one can compute the desired quanti-
ties in a model-independent way and even be able to ascribe a systematic error to the approach [18].
One interesting detail from this theory [7] is that given a low-energy expansion of a meromorphic
function, a PA sequence converges much faster than a rational function with the poles fixed in ad-
vance (such as the common hadronic models used so far for evaluating the HLBL), especially when
the correct large Q2 behavior is imposed.
We will use, instead of a hadronic model for the TFF, a sequence of PA [16] build up from the
low-energy expansion obtained in the previous section. The TFF is considered to be off-shell. To
match the large momentum behavior with short-distance constraints from QCD, calculable using the
OPE, we consider the relations obtained in Ref. [11]. In practice this amounts to use for the TFFs the
expression:
FP
0
1
Pγ∗γ∗ (p
2
P, q
2
1, q
2
2) = a
b
q21 − b
b
q22 − b
(
1 + c p2P
)
, (1)
where pP = q1 + q2 and the free parameters are matched at low energies [5]: a is fixed by ΓP→γγ
from PDG [15]; and b by a matching to the slope bP from Table 1. The parameter c characterizes the
off-shellnes of the pseudoscalar and is obtained by imposing, along the lines of the Padé method, that
limq→∞ FP01pi∗γ∗γ∗ (q
2, q2, 0) = fpiχ/3,where χ = (−3.3±1.1) GeV−2, with an error of 30% as proposed in
Ref. [11], and c = 0 for η and η′. Our results are collected in Table 1 and are in nice agreement with
most of the recent determinations [11, 20].
3.2 η − η′ mixing parameters
The physical η and η′ mesons are an admixture of the SU(3) Lagrangian eignestates [19]. Deriving the
parameters governing the mixing is a challenging task. Usually, these are determined through the use
of η(′)→ γγ decays as well as vector radiative decays into η(′) together with Γ(J/Ψ→ η′γ)/Γ(J/Ψ→
ηγ) [19]. However, since pQCD predicts that the asymptotic limit of the TFF for the η(′) is essentially
given in terms of these mixing parameters, we use our TFF parametrization to estimate the asymptotic
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limit and further constrain the mixing parameters with compatible results compared to standard (but
more sophisticated) determinations.
To determine the mixing parameters [6] we use the normalization at zero of both TFFs from the
measured decay widths Γη→γγ = 0.516(18) keV and Γη′→γγ = 4.35(14) keV, respectively, and the
asymptotic value of the η TFF limQ2→∞ Q2Fηγ∗γ(Q2) = 0.160(24) GeV [6]:
Fq/Fpi = 1.06(1) , Fs/Fpi = 1.56(24) , φ = 40.3(1.8)◦ , (2)
with Fpi = 92.21(14) MeV [15]. They can be compared, for instance, with the determination of the
mixing parameters obtained in Ref. [19], after a careful analysis of V → η(′)γ, η(′) → Vγ, with
V = ρ, ω, φ, and η(′) → γγ decays, and the ratio RJ/ψ ≡ Γ(J/ψ → η′γ)/Γ(J/ψ → ηγ), with the
latest experimental measurements of these decays gives Fq/Fpi = 1.07(1), Fs/Fpi = 1.63(3) and φ =
39.6(0.4)◦. The agreement between these determinations and the values in Eq. (2) is quite impressive
since we only use the information of the TFFs to predict the mixing parameters.
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